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SUMMARY

Trajectories of rays are found in an ionized paraboloid of revo-
lution, in which the concentration of electrons is dependent upon two
coordinates. The flux density decrease at the expense of energy absorp-
tion in the ionized medium is determined. The conditions for radar detect-
ion of the wake are ascertained. The magnitude of the wake's effective
reflecting surface is computed for a rather arbitrary distribution func-

tion of free element concentration.

INTRODUCTION

As a result of an ionized source's motion in space, there forns
behind it an ionized wake. The distribution of concentration of free elec-
trons in the wake varies, as a rule, along the wake's axis and in direc~
tions perpendicular to it. The most appropriate model of an ‘ionized wake
may apparently be represented with the help of a parabolic system of coor-
dinates.

The index of refraction of wake's ionized medium can apwropriately ke
written in the fornm

f(51)
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Here f(&) is an arbitrary function of §;; #*(5, &) is a function of 5, and &
which nust be so selected that the
eikonal equation may be resolved by

the method of variable separation.

In the following we shall con-
sider that the source emitting the elec-
troma-netic waves is outside the limits
of the wake.

1, — SOLUTION OF THE ©IKONAL EQUATIOXN

The eikonal ecuztion

(VU)?2 = n2, (2)

o7 which the deduction may be found in reference [1], may be written in

the parabolic system of coordinates as follows:

UE:Z Uizz U§:2 — 1_ f(gi) (3)
h? hs? hg? h2(Ey, &)

where hl’ hz,h3 are Lamé coefficients:

h1 == h2 = ‘l/giz——*'g';-z—v
hy=Ei&a/ V1 — &%

If we assume h=h., = hz, the general solution of the equation (3)
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where a7 85y @, are the integration constants.
~
The ecuation (4) represents the surfaces of equal phases. It is
well known [2] that when (4) is determined, the equations for the tra-
jectory of the rays are determined by the Jacobi theorem
L N 4 n/- -




0’)\:3(&!7 é’ ga"ah (23) .
T =0y i=1,3. (5)

Here tie constants a1 Az Cl’ CB determine the point through which the

ray passes in a preassigned direction,
Effecting the differentiation of (5), we shall obtain a system of

equations which will allow the finding of the trajectory of the rays in the
wake ¢
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We shall checoze the constants C, and 02 from the condition that
the points Py(Zu, S, Ew) lay on the trajectory of the rayj; then
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The constants a, and a, " define the direction of motion of the ray.

At the point Po s lying on the boundary of the ray, of which the equation is

A
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the direction of the ray incident upon the wake must coincide with the direc-~
tion of the ray propagating in the wake. The constants a. and az are deter-
mined from this condition, similarly to the way it was done in [5]:

2

a® = (s10° — Ex®) cos? @ — Eyplaos0 Sin 2a,

o y - « oe —-
a® = (1 — &®) Sk cos a. (7)




The integrals entering in the system of equations (6), which are
dependent on Sz and §, , may be easily computed., For certain forms of the
function fﬁ'} the integrals depending on _fi are also easily computed. For
further calculations we shall represent (6) in the forrm

F =0, FO=0, (8)
and we shall find the equation of the vector %, tangent to ray trajectory

-
in an arbitrary point of the wake. The vector T is determined as the vecto-

(1) e (2D,

rizl product of gradients of functions F

T — [VFY, VF®] = hFOF e, — hFOFS o2 +
+ by (FRFE — FEF) e, o

where ‘o :?:, :, are the orts of the coordinate system ¥ = 0F"/0E;

he angle between the vector T and the ort cj: will be denoted by II.
This is either the incidence angle (II>=a/2; or reflection angle (<n/2)
of the ray in the wake, In the case when Il = /2 a rotation of the ray takes
place. In order to find the coordinates of the point where the rotation of
the ray takes place, we shall makc use of the formula

—_- - - E et (ZL — g —
cos(T, e;)=cosll = Te“‘ / - S — G — /o . (10)

1= 7B+ 58T
4t the rotation point cos I = O0.Consequently, from the eguation

Bt — a8 — a — [(Gu) 8 = (1)
we may find the coordinate _f of the rotation point Pi(Su, &, Eai)-.
As an example we shall find the value of 3, when

(

_f PEE—E), &< o,
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Resolving (11), we shall obtain
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If a, =0, we have

3
g2 = (a® + & 2p2) [/ (4 4+ b2), Eu=0.




The coordinates & and &n are respectively determined from the first and

second equations of the system (6) :

6 = [ (B — a2)2 + 4ag?] [ 4BO), (12)
where B® = K® exp [2MW];
KW = 2Vt 4 a28a® — as® -+ 28” + @i
Rt
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After the point of rotation, the ray, emerzing from the wake, will

intersect its surface 31=2%, at the point P2 9 of which the coordinates are

B2 = G1o,
f? = [(B® —a?)? + bas®) [ 459, (14)
arcsin & = arcsin & + 2M@ (15)
+ L { aresi Moz - — aresin 205 ﬂ \,
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where

B® = K® exp [4210].
The ray propagates further in the free space in the direction oI the

>
vector T.

2, - ABSORPTION OF THE ELECTROMAGNETIC ENERGY IN THE WAKE.

The density decrease of the electromagnetic energy flux at the ex-

pense of energy absorption in the ionized wake may be computed by the formula

. _
S=Soexp[—2ksy.dl-!, (47
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where So is the initial density of the flux; k is the wave number; % is
the absorption coefficient.

The integral under the exponent is taken along the ray. Usually, the
absorption coefficient of the ionized medium at points where the ray passes,

may be approximately represented.in the form

%= 2,/ '51) [ 12 (Es, LYn, o= vap/20, (18)
when [e]|>/no/e, e>0. Here € is the conductivity of the ionized medium;
Yassis the effective collision frequency of electrons with ions; ® is the
cvelical freguency of the incident wave; £ is the dieleciric constant.
After the remarks made it is necessary tc find the integral under
the exponent in (17) that determines the value of the weakening.

The length element of the ray in the parabolic system of coordinates

is .
al= Vh,2+ hzz(—di>2 + i ‘—”’4\ dzs.
dgy \ dgy
Consecuently, L & ] /d§\2 T e
T{Ew, 5 Gy, o) == 103 »dl = Eé % ./'hxz + Rt | ds ) + k| &) 3

Having determined from (6) the derivatives d&/di «ni d&s/dE;, and also
taking into account (18), we shall obtain
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At ray's passage throush the wake, the density of the flux has its

maximum weakening

I =21 (&, &1, a1, a5). (20)
max .

Therefore, (19) deteraines the value of flux density decrease at the
expense of energy loss in the ionized .:i:dium in the direction of propagation
of the ray.




3+ = RADAR REFLECTION OF THE RAY FROM THE WAKE

We shall consider all the possible cases of radar detection of the
ray. The wake may be detected by radar so long as the ray is incident and
is reflected from the surface of the wake along the normal to the surface.

This means that
cos IT = 1.

Taking into account (10), we shall have

'i/ &k — afg — asf_ fE® —1.
Bt — fE2 4 BB

The last equality is fulfilled, at first when f —» 0o, which implies
an infinite increase of electron concentration in the wake, the rays then
reflecting from the surface of the wake as if it were metallic, and secondily,
when —3§:i*(a?+ &?) = a?, which is fulfilled only at az = 0.

It 3.3 = 0, the trajectory of the ray must lie in the plane i1 =1 .

Moreover, radar reflection of the ray from the wake is possible

when the condition
cos IIp, = —cos Iip,.

is satisfied at wake boundary. Consequently, according to (10) we must have
b =E* at a=0. (21)

Substituting (21) into (15), where a, =0, we shall obtain

3
f0 = (B® — ay2) | 2B@'%, (22)

Let us consider an example. Assume that

f(81) = b%(Ei® — &2);

Then
1 Ei?b? + ay?
In

A = .
2YL400 (B V14 b2+ Vit — as2)?

Concequently
T

S Vi + 02+ Ve —as

5® — ko] = KWA,.




Taking into account the results obtained in the example brought out,
and effecting subsequent transformations of (22), we shall have

Eag 1 — A%

coslly=— — ",
°T T 1+ Ay

(24)

Tormula (24) determines the direction of the ray at the chosen point
Pz, B0, 1), 2t which radar detection of the ray is possible.

In a particular case it follows from (24) that at 02— o0 A;—1, and
cos Ho -3 C. Consequently, at infinite increase in the density of free elecc-
trons in the wake //y— /2, that is, the rays, incident on wake surface along
the normal to the surface, are reflected strictly backward.

If b2 < ooy the direction of H,, from which the wake is detected
by radar, constitutes the solution of the transcendential eguation (24).

Formula (24) may also be written for the arbitrary function f£(§).
Then the guantity A, in (24) must be substituted by

Ay = exp [AM®].

4, - EFFECTIVE REFLECTING SURFACE

The ray crosses the surface of the wake at the point P3. of which

the Descartes coordinates are
To = Eplmlm, ¥ = Epinll — &2 (25)
1 2 .2
=g (B2 — &2%).

The equation of the ray passing through the point P2 and propagating in
the direction of the vector Li will be written in the form

T—2) [ Te=(y— 1) [Ty = 2—2) | 7. (25)
This ray crosses the sthere
P2 =0 7 N

at the point P_, whose coordinates are determined by the system of equations
(26) and (27), and are equal to

Ia-—~.l‘2-~A+B, !/3=~—(:53—x2)—1-u-, 33="‘f‘
7. e T

(ro—ma) -z,  (28)




where

A = To(To,12);

—_— _—‘_K\HUV——-_' .'2 22 A T RS : z
B =" {7 — A" 4+ T8 — (~Tyrp+ Txy2)® — (—Tozg + Toi)™s

Tx’ Ty’ 'l‘z are the projecitions of T on the axis of the f:oordinates. The
coorfinates of the point P3 depend on the point P as of the parameter.
- That is why the coordinates zy y of the point P are curvilinear coordina-
tes on a sphere of radius R.

Denoting
. __6:53 dx3 | Oys Oys |, 935 Oy
STz gy ' 6z dy | 0z oy

and determining analogously B, and gn, we may write the surface elecment
on the sphere in the form [3]

where ds, = Vgdady, (30)
& = 8ulyy — gt

Thereforey, the bezm ol rays,y reosting on the frort of the wave inci-
dent upon the area ds; = dldy = dzdy/cosu, will cut out =n the surface of the
sphere an area ds2 s the direction of the norme. co wnich coincides with

the direction of the radiuc-vector. Conseguently,

1
=8 ———. (31)

cos a{Ta; [

When n<< R formula (31) is simplified. We may write aprroximately

1
S= So—————:: 32
cos wlYgo (32)
2
8o = Zozz8oyy — Eoays
Ozus OTos | OYos OYos 0353 0253 )

gozy = gz dy T dz Oy + gz dy

where

1

Bozz and gOyy are detzrmined analogously. Here the quantities xO}’ y03, 203

are projections on the axis of coordinates of the ort of the vector from




10.

the point P2 to the point P3. However, when nrn<<AH, they are equal to
directional cosines. According to (28)

__x3 2\
.7:03———’1?“7791—}—0\7:—} v

Y3 T2 N
="=T o<__.
Yo3 7 0y+ I
z3 ’ry

ZO3="]?‘=T02+0 TIIT)

The quantities TOx’ TOy’ TOz are projections of EO in the rectilinear
system of coordinates, which may be expressed through the respective projec-

->
tions of T,. in the parabolic system by the formula

0

3 oz;

A == Z a,-h;" 2 .
i==1 i

Lt the point P?. they are .
T — ViokazEse + VaoE12Em 4 as
i Eoho? Eaohrgs? ha
7o — Vike V1 — Ex? | Vool V1 — En®  asEx
0:1 Esohz® Eanhino® Eioloe -

Vo Vao

T 0z — hzzz - ]3222 ’

where

-

: r__vE 5.
Vi = VEi* — Ep?al — as?; Voo = Via* 4 Exd®as® — a3
hoy = VE12® + &

It stems from formula (32) that the effective reflecting surface of
the wake is
¢ = 45/ cos a(Ton) Vgo. (33)

The quantity € depends on the propagation direction of the ray having passed
0 which in its turn depends
on the propagation direction of the incident ray and on the coordinates of the

>
throush the plasma wake, that is from the vector T

point P 1lying in the plane of the incident ray front. If the propagation

direction of fhe incident ray is given, —T.O

of P and consequently, it is dependent on 2z, y as of Gaussian coordinate

will be deternined by the position

parameters, The cosine of the angle between the coordinate lines gz = const
and y = const on a sphere of radius R is cos (z, ;) = g0zy' Hence it may be
seen that when gOzy = 0, the coordinate lines on the sphere are orthogonal.

This condition is filfilled at a3= O.
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11.
S5e - SCATTERING OF RAYS TN THE PTANE &3 =1 5
As an example of aprlicstion of the formulas derived we shall consi-
der the reflection of a plane wave from an ionized wake in the plane Ir=1
In this case, according to (7), = 0. In order to determine 6. it
is necessary to find the derivatives of T T T and T T Y .
0:z? “0yz? “Ozz Oxy' “Oyy' “0Ozy
At H =1 and ¢3= 0, these derivatiss are respectively
r e =B 4 4'!
Toxz==cosa | e 2252 1 le, o
- ._rlzgz ny a3 4 =20
of (4_ )ty Belet Ve .
; L“ < Tk ) Tiag? ;,;"7/: Trgal S12 f»;%‘ﬂh
TOyz = 0 {
|
< gl 1
To,,——cosal [ 5o T g, —
]222 /I'm'rgg o
B0kl B Tmy, RN,
L he® TtV | Jet \ Jaa /3550
<Oy = O
Vot 2
oy = ( 12522 R , —,
\ Erolrag? Zae - Erpgoe
Here Tozy =0
il = Zgposina + Ezpcos ¢
§apy = 0520/ 92 = —1 [ &us;
s 2 24
. S, 1 BAyy a” . - g
S == —~sing-f—F—— o (i —sinu -
& 2441 D<tiy ‘ /
n 259 cos? a4 gy sin la
DA,
3 == Ea(1 — sing) - 1, vos q;
It may be seen fro

ieH
i/

(34) that 8ozy
41

G =
the forward hemisphere

Aigns = didy [ diug

0 at }3:

COSG(TO”/ -Tﬂyy VT + TOzz
=

o = nf

11%.
2

1l and a.3 =0, Thus,
If the irrsdiation of the wake by the radar station takes place from
It follows also from this formula thot at b~ -»00,
g = ,TC;“] y

U, cosa == U}, ' the effective reflecting surface is
bt
oo

which coincides with the reflecting surface of a metallic paraboloid [4].




1z.

If b~ 0y 6 ~» 0. If the irradiation of the wake by the radar
station takes place laterally

;Sngngzoﬂ Ak

2Es0[ (14A1) Ero + (1 — A1) E20)
Eio2b? 4+ a2

G=

(i — Ai'/z)z +
where &, is determined from the formula

b _ 1o+

5— T — A"

Therefore, in order to be able to investizate the propagation of
radiowaves in an ionized wake it is appropriate to utilize a parabolic sys-
tem of coordinates of rotation, which allows to find the trajectories of
of the rays inside the wake, the energy absorption of wake's plasma anc to
determine the eff cting reflecting surface of the wake for a rather arbitrary

distribution function of free element concentration.

sssx T HE END #ess

Received on 13 June 1964

REFERENCES

{1].- B, A. VVEDEN5KIY, M. I. PONOMAREV.- Izv.ANSSSR, OTN, 9, 1021, 1946.

[2]).- YA.N, FEL'D, L. S, BENENSON.~ Antenno-fidernyye ustroystva (Antenna
reeder devices).- ch, II, VVIA im, N. E, Zhukovskogo,
1959.

(3).- V. A, FOK.~ ZhETF, 20, 11, 961, 1950.

[4].- DZH. R, MENTSER.~ Diffraktsiya i rasseyaniye radiovoln (Diffraction
and Scattering of Radiowaves). Transl.from English.
Izd, Sovetskoye radio, 1958.

[5).- N, P. MAR'YIN,~- Geomagnetizm i Aeronomiya, 5, 2, 260, 1965.

Contract No.NAS=-5-3760" - Translated by ANDRE L. BRICHANT
Consultants & Designers, Inc. "
Arlington, Virginia on 11 December 1965




ST — RWP— RA — 10425 [14 pp. 80ce]

Goddard Space Flirht Center

DISTRIBUTION

100
110
400
610

611

612

613
614

615

640
641
630
620

252
256

CLARK, TOWNSEND
STROUD
BOURDEAU
MEREDITH
SEDDON
McDONALD
ABRAHAM
BOLDT
WILLIAMS
VKB
HEPPNER
NESS
KUPPERIAN
WEITE
WOIFF
BAUER
AIKIN
GOLDBERG
STONE
WHIPPLE
JACKSON
HESS [3]
MEAD
MAEDA
HARRIS
STERN

GI for S5 [5]
SPENCER
NEVTON
LIBRARY
FREAS

Ss
SG

SL

ST
SM

RTR
ATSS

WX

NASA HQS

NEWELL, NAUGLE
MITCHELL
SCHARDT
SCHMERLING
DUBIN
LIDDEL
FELLOWS
HIPSHER
HCROWITZ
JAFFE
FOSTER
ALLENBY
GILL
BADGIEY
KURZWEG
WILSON
NEILL
SCHWIND
ROBBINS
SWEET

1.

OTHER CENTERS

ARec

SONETT [5]
LIBRARY 3]

IaRC

160 ADAMSON
213 KATZOFF
235 SEALTON
185 WEATHERWAX

JPL

SNYD:ER
NEWBURN
WYCKOFF

ucL
COLEMAN

U C BERKELEY
UILCOX

VN ALLEN
U. 1~ICH.

ARNCLD
HADDOCK

MIT
BARRETT
SWCAS
JOHNSON

WP AFB

Code TDBX{-T

(21



